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Coding efficiency of the DCT and DST
in hybrid video coding

Matthias Narroschke

Abstract—Standardized hybrid video coding algorithms, e.g.
HEVC, apply intra frame prediction or motion compensated
prediction and subsequent integer approximated DCT or DST
transform coding. The coding efficiency of the transforms de-
pends on the statistical moments and probability distribution of
the input signals. For a Gaussian distribution, the DCT always
leads to a data rate reduction. However, for Laplacian distributed
prediction errors, the transforms sometimes increase the data
rate. This paper presents a theoretical analysis, which explains
the reason for an increase of the data rate, which is due to the
generation of higher statistical moments of the coefficients by the
DCT or DST in the case of Laplacian distributed input signals.
The data rate can increase by up to 0.10 bit per sample for
blocks with low correlation. For screen content, in about 20%
of the blocks, the transform increases the data rate. By skipping
the transform for these blocks, HEVC achieves a 7% data rate
reduction.

Index Terms—HEVC, DCT, DST, transform skip, Laplace

I. I NTRODUCTION

STANDARDIZED video coding algorithms, such
as H.262/MPEG-2 [1], MPEG-4 Visual [2], and

H.264/MPEG-4 AVC [3][4], as well as HEVC [5][6], apply
hybrid coding. It consists of the two basic steps, prediction
and subsequent prediction error coding. In order to exploit
statistical dependencies in the temporal direction between
consecutive frames of a video, motion compensated prediction
[7][8] is applied. Each frame to be coded is partitioned into
blocks. For each block, a displacement vector is estimated
describing the displacement of the block between the current
frame and an already decoded frame. In order to exploit
statistical dependencies in the spatial direction between
consecutive samples, so called intra prediction is applied
block-wise[3][4][9]. The prediction error resulting from
both, motion compensated prediction and intra prediction,is
transform coded exploiting correlation in spatial direction.
For the purpose of transform coding, primarily a discrete
cosine transform [10], DCT, or integer approximations thereof
[11], are applied followed by quantization of the coefficients.
In the case of intra prediction and a transform block size of
4 × 4 samples, HEVC applies an integer approximation of
the discrete sine transform [12], DST. The block partitioning,
the displacement vectors, and the quantized coefficients are
coded and transmitted to the receiver.

MPEG-4 Visual reduces the bit rate by 20% at the
same mean squared error compared to H.262/MPEG-2 [13],
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achieved by a more accurate motion compensated prediction.
Displacement vectors of 1/4 pel accuracy in combination with
an 8-tap Wiener interpolation filter are used in MPEG-4 Visual
instead of displacement vectors of 1/2-pel accuracy combined
with bilinear interpolation [14]. Compared to MPEG-4 Visual,
H.264/MPEG-4 AVC further reduces the data rate by 44%
[13], again achieved by increased accuracy of the motion
compensated prediction: Key techniques are the multi-frame
prediction [15], generalized B pictures [16] and a more flexible
block partitioning. HEVC applies an even more flexible block
partitioning [17][18] and a more efficient displacement vector
coding compared to H.264/MPEG-4 AVC and further reduces
the bit rate by another 35% [13].

The result of a more accurate prediction are decreasing sta-
tistical dependencies between prediction error samples. For the
case of motion compensated prediction, this is mathematically
described in [8]. The power density spectrumSee (ωx, ωy)
of the prediction error signale is dependent on the power
density spectrumSss (ωx, ωy) of the video input signals and
the power density spectrumSqq (ωx, ωy) of the quantization
noiseq:

See (ωx, ωy) =

2 · Sss (ωx, ωy) · (1 − Re{F {p (∆x, ∆y)}}) + Sqq (ωx, ωy)
(1)

Hereby, F {p (∆x, ∆y)} is the two-dimensional Fourier
transform of the probability density functionp (∆x, ∆y) of the
displacement estimation errors∆x and ∆y. Since the power
density spectrum is the Fourier transform of the correlation
function, it can be derived from equation 1 that the corre-
lation between the prediction error samples decreases with
an increased accuracy of the motion compensated prediction.
In addition, it can be seen that the correlation also decreases
with a decreasing correlation between the samples of the input
signal to be coded. This typically happens with improvements
to the cameras aquiring the input signals. To illustrate this,
average correlation coefficients̄ρs(τ) between horizontally
adjacent samples of the distanceτ are measured for various
camera aquired HD test sequences of 1080 lines, which have
been used in the international standardization activitiesof
the ISO/IEC and the ITU-T in the year 2006 and in the
year 2011. These are shown in Fig. 1. In addition to camera
aquired content, computer generated screen content, such as
web pages, graphics, and presentation slides, is considered
more often in video coding applications [19][20].
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Fig. 1. Average correlation coefficients̄ρs(τ) measured between horizontally
adjacent samples of the distanceτ on the basis of test sequences used in
the international standardization activities of the ISO/IEC and the ITU-T.
Sequences for the year 2006: Rolling tomatoes, Dinner table, Freeway, Card
toss. Sequences for the year 2011: BQTerrace, Cactus, Kimono1, Park scene.
Screen content sequences: Slide editing, China speed, Basketball drill text,
Slide show [21].

For this type of content, the spatial correlation between the
samples is typically lower than for camera aquired HD content
as can also be seen in Fig. 1.

Figure 2 shows the probability distributionPe(e) of the
prediction error, which is generated by the HEVC reference
model HM8 [22] while encoding the test sequences used in the
HEVC standardization activities of the ISO/IEC and the ITU-T
[21]. It can be seen that it is close to a Laplacian distribution
PL(e), which is also shown in Figure 2 for the same variance
σ2

e = 26.
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Fig. 2. Distribution of the prediction error generated by the HEVC reference
model HM8 [22] using the Random Access configuraton at Main Profile and
QP=22 [21], and Laplacian distribution at the same variance.

Since ongoing improvements to both, motion compensated
prediction and cameras, continuously lower the correlation
between prediction error samples, the general question arises
if the use of the transform is efficient for the coding of
prediction errors of low correlation. In [23] and [24], an
adaptive prediction error coding in the spatial and frequency
domain is described, which applies the DCT only for some
parts of the prediction error. The samples of the remaining
parts are quantized and coded without the use of the DCT. This
technique had been proposed and adopted in the context of the
Key Technical Area investigations of the ITU-T [25][26][27]

performed prior the HEVC standardization. Bit rate reductions
of around 2-5% were achieved at the same mean squared
error. This adaptive prediction error coding has been proposed
denoted asTransform skipand has been adopted into HEVC.
It leads to bit rate reductions of around 7% for screen content.
For camera acquired content, the bit rate reduction is sequence
dependent up to 1%. Detailed experimental results for the bit
rate reduction achieved byTransform skipare documented
in the corresponding proposals to the HEVC standardization
[28][29]. Further adjustments of the coding of the quantized
samples to their statistics, which are not adopted into HEVC,
can further increase the coding efficiency for both kinds of
content [24][30][31]. The coding efficiency increase achieved
by skipping the transform might be explained by the answer
to the raised question.

Motivated by this question, this paper presents a generalized
theoretical analysis of the efficiency of the transforms forthe
coding of prediction errors. For the analysis, the prediction
errors are modelled as Laplacian distributed sources with
various statistical dependencies between the input samples.
The analysis is primarily performed on the basis of the DCT
and supplemented for the DST in places. For completion, it is
investigated if the coding efficiency increase achieved by the
adaptive prediction error coding of HEVC can be explained
by the analysis results.

Section II describes the criterion for the assessment of the
efficiency of the transforms. In Section III, the efficiency of
the transforms is analyzed with respect to this criterion. In
Section IV, the HEVC prediction error coding is investigated
with respect to the analysis results. The paper closes with the
conclusion.

II. CRITERION FOR THE CODING EFFICIENCY OF THE

TRANSFORM

In this section, the efficiency of the transform is investigated
in dependence on the source statistics of the input signal.
For this investigation, a one-dimensional, time-discrete, value-
continuous, and stationary signale of zero mean is considered.
The variance of this signal isσ2

e . The probability density
function of e as well as the statistical dependencies between
N successive samplese1, . . . , eN of e are described by the
joint probability density functionp~e(e1, . . . , eN). All marginal
probability density functions are identical due to the stationar-
ity of e. They are denoted aspe(e). The correlation coefficient
of two successive samples ofe is ρe.

For the assessment of the efficiency of the transform for
the coding of the signale, the data rate of a coding using the
transform is compared to the data rate of a coding without
using the transform at the same mean squared quantization
error. In the following, the coding using the transform is
also denoted by a coding in the frequency domain since it
generates a spectral representation of the input signal. The
coding without using the transform is also denoted by a coding
in the spatial domain. The determination of the data rates
is performed for both codings under the assumption of a
memoryless source.
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A. Data rate of a coding in the spatial domain

Fig. 3 shows the block diagram of a coding in the spatial
domain.

Qe : Scalar quantizer

e
Qe Coder

e′

Channel

Decoder
e′

Fig. 3. Block diagram of a coding in the spatial domain.

The samples of the input signale are quantized by the
scalar quantizer Qe. Each sample is quantized independently
from all other samples. The resulting quantized samples are
e′. The variance of the quantization errorqe = e − e′ is
σ2

qe
. The quantization error is assumed to be of zero mean.

The quantized samplese′ are coded and transmitted via the
channel. The coding is assumed to be lossless. A decoding is
performed to retrieve the quantized samplese′. The minimum
data rate required to code the quantized samplese′ is the
entropyH(e′). This entropy is the difference of the differential
entropy H(e) of the samplese and the differential entropy
H(qe) of the quantization errorqe, which originates during
the quantization Qe [32]:

H(e′) = H(e) − H(qe). (2)

The differential entropiesH(e) andH(qe) can be calculated
by the use of the corresponding probability density functions
pe(e) andpqe

(q):

H(e) = −
∞∫

−∞

pe(e) · log2 pe(e) de (3)

H(qe) = −
∞∫

−∞

pqe
(q) · log2 pqe

(q) dq. (4)

As a consequence of the assumption of a memoryless
source, the data rate of the coding in the spatial domain is
only dependent on the probability density functionspe(e) and
pqe

(q).

B. Data rate of a transform-coding in the frequency domain

Fig. 4 shows the block diagram of a coding in the frequency
domain using a transform.

Q Coder
~c′

T
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DecoderT−1~e′ ~c′

Channel

:

:

Scalar quantizer

Transform / Inverse transform

Q

T / T−1

Fig. 4. Block diagram of a coding in the frequency domain withthe use of
a transform.

The input signal of the transform is a column vector
~e = (e1, . . . , eN)T of N successive samplese1, . . . , eN of
the signale. The result of a multiplication of the column
vector ~e and the transform matrixT is a column vector of
N coefficients:

~c = (c1, . . . , cN )T = T · ~e. (5)

Each coefficientci can be interpreted as a function of the
elements of the input vector:

ci = fi(e1, . . . , eN ), ∀ i = 1, . . . , N. (6)

These functions are given by the row vectors of the trans-
form matrix T. The N coefficients are quantized indepen-
dently from each other by the use of a scalar quantizer Q.
The N resulting quantized coefficients are denoted as~c′ =
(c′1, . . . , c

′
N )T . Due to the quantization, theN quantization

errors ~qc = (qc1 , . . . , qcN
)T = ~c − ~c′ are generated. They

are assumed to be of zero mean. The variances are denoted
as σ2

qci
. The N quantized coefficients are coded losslessly

and independently from each other. By decoding, the column
vector ~c′ = (c′1, . . . , c

′
N )T of N quantized coefficients is

reconstructed. The subsequent inverse transform generates a
column vector ofN reconstructed samples:

~e′ = (e′1, . . . , e
′
N )T = T

−1 · ~c′. (7)

The difference~r = ~e − ~e′ is called reconstruction error. In
the case of an orthonormal transform as the DCT and DST,
the varianceσ2

r of the reconstruction error equals the mean
variance of the quantization errors that are generated by the
quantization of the coefficients[32]:

σ2
r = 1

N
E
[

(~e − ~e′)T (~e − ~e′)
]

= 1
N

E
[

(~c − ~c′)T (~c − ~c′)
]

= 1
N

·
N∑

i=1

σ2
qci

.

(8)
Hereby,E [·] denotes the expected value. The minimum data

rate required for the coding of the quantized coefficients is
given by

H(c′) =
1

N
·

N∑

i=1

(

H(ci) − H(qci
)
)

. (9)

In the above equation 9,H(ci) is the differential entropy of
the coefficientci andH(qci

) is the differential entropy of the
corresponding quantization errorqci

. The differential entropies
H(ci) result from the probability density functionspci

(c) of
the coefficients:

H(ci) = −
∞∫

−∞

pci
(c) · log2 pci

(c) dc (10)

Respectively, the differential entropiesH(qci
) results result

from the probability density functionspqci
(q) of the quantiza-

tion errors:
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H(qci
) = −

∞∫

−∞

pqci
(q) · log2 pqci

(q) dq. (11)

In the following, the term

H(c) =
1

N
·

N∑

i=1

H(ci) (12)

is also denoted as the mean differential entropy of the
coefficients.

The probability density functionspci
(c) of the N coeffi-

cients are dependent on the joint probability density function
of the input signale and on the transform matrix. The
joint probability density functionp~c(c1, . . . , cN ) of the N
coefficients, which have been generated by the transform,
can be determined by the use of the joint probability density
functionp~e(e1, . . . , eN ) of the input signale and the functions
f1(e1, . . . , eN) until fN (e1, . . . , eN ) which are defined by the
row vectors of the transform according to equation 6 [33]:

p~c(c1, . . . , cN ) =

−∞∫

−∞

. . .

−∞∫

−∞

p~e(e1, . . . , eN)·

N∏

i=1

δ0

(

ci − fi(e1, . . . , eN)
)

de1 . . . deN ,

with δ0(k) =

{
1 ; k = 0
0 ; k 6= 0.

(13)

The probability density functionspci
(c) of the N coef-

ficients ci are the marginal probability density functions of
the joint probability density functionp~c(c1, . . . , cN ), which is
given in the previous equation 13:

pci
(ci) =

∞∫

−∞

...

∞∫

−∞

p~c(c1, ..., cN ) dc1 ... dci−1 dci+1 ... dcN .

(14)
According to equation 13, the probability density functions

of the coefficients are dependent on the joint probability
density function of the input signale. As a consequence, the
data rate of the coding of the coefficients is also dependent on
the joint probability density function of the input signale.

C. Coding efficiency of the transform

For the assessment of the efficiency of the transform coding
in the frequency domain, the difference∆H betweenH(e′),
see equation 2, andH(c′), see equation 9, is calculated:

∆H = H(e′) − H(c′) =

(

H(e) − 1

N

N∑

i=1

H(ci)

)

+

(

1

N

N∑

i=1

H(qci
) − H(qe)

)

.

(15)

Based on the explanations above it is observable that∆H
and thus the efficiency of the transform is dependent on the
following three terms:

1) Joint probability density functionp~e(e1, . . . , eN) of the
input samplese

2) Probability density functionpqe
(q) of the quantization

error qe

3) Probability density functionspqci
(q) of the quantization

errorsqci
.

In the following, uniform quantization of the samplese and
of the coefficientsci with a sufficiently fine quantization step
size of∆fine is assumed. In this case, the quantization errors
qe andqci

are uniformly distributed. Their variances areσ2
qe

=
σ2

qci
= ∆2

fine/12 [32]. In this case, the differential entropies
are given byH(qe) = H(qci

) = − log2 ∆fine. Under this
assumption, the difference∆H according to 15 simplifies to

∆H = H(e) − 1

N

N∑

i=1

H(ci). (16)

Consequently, the use of a transform for the coding of the
signale leads to a reduction of the data rate as long as∆H ≥
0. In this case, the transform is efficient. For∆H < 0, the use
of a transform leads to an increased data rate. In this case, the
transform is not efficient.

III. C ODING EFFICIENCY OF THE TRANSFORM FOR

LAPLACIAN DISTRIBUTED SOURCES

In this section,∆H is calculated for Laplacian distributed
sources, whereby the calculation is performed analytically in
dependency on the statistical dependencies between the input
samplese. In a first step, the DCT is analyzed.

A. Coding efficiency of the DCT of a block size two

To simplify calculations, a one-dimensional DCT of a block
size two with the transform matrix

TDCT,2 =
1√
2

[
1 1
1 −1

]

(17)

is considered in a first instance. This DCT generates the
two coefficientsc1 andc2. The variancesσ2

c1
andσ2

c2
of these

two coefficients are:

σ2
c1

= E[c2
1] =

1

2
· E
[

(e1 + e2)
2
]

= σ2
e · (1 + ρe)

σ2
c2

= E[c2
2] =

1

2
· E
[

(e1 − e2)
2
]

= σ2
e · (1 − ρe).

(18)

Each of the two coefficients has a variance which depends
on the varianceσ2

e of the input signal and on the correlation
coefficient ρe. The calculation of the correlationE[c1 · c2]
shows that the two coefficientsc1 und c2 are uncorrelated:

E[c1 · c2] =
1

2
· E
[

(e1 + e2) · (e1 − e2)
]

= 0. (19)

In the case of a one-dimensional signale of zero mean with
a Laplacian probability density function:
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pe,L(e) =
1√

2 · σe

· e−
√

2·|e|
σe . (20)

The statistical dependencies betweenN samples ofe can
be fully described by the joint probability density function
p~e,L(e1, . . . , eN ). In the following, three joint probability den-
sity functionsp~e,L1, p~e,L2, andp~e,L3 with Laplacian marginal
probability density functions are considered. In the Literature,
there are only a few mathematical descriptions of such joint
probability density functions. In [34], the following description
is given for the case ofN = 2:

p~e,L1(e1, e2, ρ) =
K0

(
2·(e2

1−2·ρ·e1·e2+e2
2)

σ2
e ·(1−ρ2)

)

π · σ2
e · (1 − ρ2)

, (21)

with

K0(k) =
1

2
·
∫ ∞

0

1

t
· e−t− k2

4t dt, k > 0. (22)

Hereby,K0(k) is the modified Bessel function of the third
kind [34]. In this description, the parameterρ equals the
correlation coefficientρ = ρe. In the case ofρe = 0, the joint
probability density function according to equation 21 is not
equal to the joint probability density function of a memoryless
Laplacian distributed source having no statistical dependencies
between the samples:

p~e,L2(e1, e2) = pe,L(e1) · pe,L(e2) =
1

2 · σ2
e

·e−
√

2
σe

·
“

|e1|+|e2|
”

.

(23)
However, for the joint probability density function according

to equation 23, the correlation coefficient is also zero:ρe = 0.
Fig. 5 illustrates the two joint probability density functions
p~e,L1(e1, e2, ρ = ρe = 0) and p~e,L2(e1, e2) according to
equations 21 and 23 respectively.
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Fig. 5. Illustration of the joint probability density functions
p~e,L1(e1, e2, ρ = 0) according to equation 21 andp~e,L2(e1, e2) according
to equation 23 for the case of uncorrelation and a variance ofσ2

e = 26.

Both joint probability density functions have the same
Laplacian marginal distributions and the same correlation
coefficientρe = 0. They differ in the joint moments of higher
order.

Since there are no other joint probability density functions
known from the literature, which have Laplacian marginal
probability density functions, linear combinations of thetwo

joint probability density functions according to equations 21
and 23 are considered in addition:

p~e,L3(e1, e2, ρ, a) =

a · p~e,L2(e1, e2) + (1 − a) · p~e,L1(e1, e2, ρ),

with 0 ≤ a ≤ 1.

(24)

The marginal probability density functions of these linear
combinations are Laplacian. The correlation coefficient ofa
linear combination can be calculated by

ρe =
1

σ2
e

·
∞∫

−∞

∞∫

−∞

e1 · e2 · p~e,L3(e1, e2, a, ρ) de1 de2. (25)

Fig. 6 shows two joint probability density functions with
the same example correlation coefficientρe = 0.61.
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Fig. 6. Illustration of the joint probability density functions
p~e,L1(e1, e2, ρ = 0.61) according to equation 21 andp~e,L3(e1, e2, a =
0.35, ρ = 0.94) according to equation 24, which have the same correlation
coefficientρe = 0.61. The variance isσ2

e = 26.

Fig. 7 illustrates∆HLaplace for the three joint probability
density functions according to equations 21, 23, and 24 as
a function of the correlation coefficientρe. It can be seen
that ∆HLaplace is always positive for the case of the joint
probability density functionp~e,L1(e1, e2, ρ). Consequently, the
DCT is efficient in this case. In the case of the joint probability
density functionp~e,L2(e1, e2), ∆HLaplace is negative. This
shows that in the case of statistically independent sampleswith
a Laplacian probability density function, the DCT is not effi-
cient. In the case of the linear combinationp~e,L3(e1, e2, ρ, a),
the data rate is either reduced or increased by the use of the
DCT, dependent on the correlation coefficientρe. It can be
summarized that the DCT-coding in the frequency domain
can increase the data rate if the correlation is low. In these
situations, the DCT is not efficient.

From Fig. 7, it can be drawn that dependent on the joint
Laplacian probability density function the efficiency of the
DCT can vary at the same correlation. The joint probability
density functions with Laplacian marginal probability density
functions differ at the same correlation due to different joint
moments of higher order. Thus, the efficiency of the DCT has
to be dependent on these joint moments of higher order.
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Fig. 7. Illustration of the difference∆HLaplace = H(e′) − H(c′) of the
data rates of two codings under the assuption of memoryless sources as a
function of the correlation coefficientρe. H(e′) is the minimum data rate
required to code the sourcee with a Laplacian probability density function.
H(c′) is the minimum data rate required to code the coefficients generated
by the application of a DCT of a block size two to the sourcee.

In order to understand this, the joint moment of higher order

E
[
c2
1 · c2

2

]
=

1

4
· E
[

(e1 + e2)
2 · (e1 − e2)

2
]

=
1

2
· E
[
e4
]
− 1

2
· E
[
e2
1 · e2

2

]

(26)

of the coefficientsc1 andc2 is considered. In the case that
the joint moment of equation 26 and the product of the single
moments

E
[
c2
1

]
· E
[
c2
2

]
=

1

4
· E
[

(e1 + e2)
2
]

· E
[

(e1 − e2)
2
]

= σ4
e − E2 [e1 · e2]

(27)

differ, the coefficientsc1 andc2 are statistically dependent.
The difference is

E
[
c2
1 · c2

2

]
− E

[
c2
1

]
· E
[
c2
2

]
=

1

2
· E
[
e4
]
− σ4

e − 1

2
· E
[
e2
1 · e2

2

]
+ E2 [e1 · e2] .

(28)

The termE[e4] depends on the probability density function
of the signal e. For sources with a Laplacian probability
density function, the term can be calculated toE[e4] = 6 ·σ4

e .
Thus, the difference according to equation 28 results in

E
[
c2
1 · c2

2

]
−E

[
c2
1

]
·E
[
c2
2

]
= 2σ4

e−
1

2
·E
[
e2
1 · e2

2

]
+E2 [e1 · e2] .

(29)
In the following, a source with the specific joint probability

density functionp~e,L2(e1, e2) is considered, whose samples

are statistically independent and of zero mean. For this source,
it is E

[
e2
1 · e2

2

]
= σ4

e andE [e1 · e2] = 0. Equation 29 results
in

E
[
c2
1 · c2

2

]
− E

[
c2
1

]
· E
[
c2
2

]
=

3

2
· σ4

e 6= 0. (30)

Consequently, in the case of statistically independent sam-
ples e with a Laplacian probability density function, the
DCT generates coefficients which are uncorrelated accord-
ing to equation 19 but statistically dependent according to
equation 30.

According to the characteristic function, the generated
statistical dependencies between the coefficientsc1 and c2

influence the probability density functions of the coefficients.
The calculation of the probability density functionspc1(c) and
pc2(c) by the use of the equations 13 and 14 results in

pc1(c) = pc2(c) =
σe + 2· | c |

2 · σ2
e

· e
−2·|c|

σe . (31)

Both coefficientsc1 and c2 have the same probability
density function. However, equation 31 is not a Laplacian
probability density function. For the considered case ofρe = 0
the variance of each coefficientc1 andc2 equals the variance of
the input signale according to equation 18:σ2

c1
= σ2

c2
= σ2

e .
In Fig. 8 the probability density functionpe of the samplese
as well as the probability density functionspc1 andpc2 of the
coefficientsc1 and c2 are shown for an example variance of
σ2

e = 26.

−10 −8 −6 −4 −2 0 2 4 6 8 10
0

0.05

0.1

pe(e), pc1(c), pc2(c)

e, c

-8 -6 -4 -2 0 2 4 6 8 10

0.10

0.15
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-10
0

Samplese
Coefficientsc1, c2

Fig. 8. Illustration of three probability density functions. pe(e) is a
Laplacian probability density function of statistically independent samples.
pc1(c) = pc2(c) are the probability density functions of the coefficientsc1
andc2 which are generated by the use of a one-dimensional DCT of a block
size two. Variance:σ2

e = 26.

The probability density functionspe(e) according to equa-
tion 20 andpc1(c) = pc2(c) according to equation 31 lead to
different differential entropiesH(e) undH(c). The difference
can be calculated to∆H ≈ −0.07 bit per sample. This
corresponds to the value shown in Fig. 7.
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B. Coding efficiency of the DCT of a block size four

Memoryless Laplacian distributed sources are considered as
input to the DCT. For a block size of four, the DCT with the
transform matrix

TDCT,4 =
1
√

2

2

6

6

4

1/
√

2 1/
√

2 1/
√

2 1/
√

2
cos π

8
cos 3π

8
− cos 3π

8
− cos π

8

1/
√

2 −1/
√

2 −1/
√

2 1/
√

2
cos 3π

8
− cos π

8
cos π

8
− cos 3π

8

3

7

7

5

(32)
generates the four coefficientsci, with i = 1, . . . , 4. The cor-
responding probability density functionspci

(c) are calculated
by the use of equations 13 and 14 to:

pc1(c) = pc3(c) = e
−2

√
2|c|

σe

“

5
√

2σe+12|c|
16·σ2

e
+

(3σ2
e+6

√
2|c|σe+4c2)

6σ4
e

”

and

pc2(c) = pc4(c) =

e
−2

√
2|c|

Aσe

“√
2(A3+2BA2)

C
−

√
2A2B2σe+2A2B|c|−2A3|c|

D

”

+

e
−2

√
2|c|

Bσe

“√
2(−B3−2AB2)

C
+

√
2A2B2σe+2AB2|c|−2B3|c|

D

”

,

with A =
√

2 cos π
8
, B =

√
2 cos 3π

8
,

C = 2σe

`

A4 + 2BA3 − 2AB3 − B4
´

D = σ2
e

`

−BA4 + 2B3A2 − B5 + A5 − 2A3B2 + AB4
´

.
(33)

All probability density functionspci
(c) are not Laplacian.

In Fig. 9 the probability density functionpe of the samplese as
well as the probability density functionspci

, with i = 1, . . . , 4,
of the coefficientsci are shown for an example variance of
σ2

e = 26.

−10 −8 −6 −4 −2 0 2 4 6 8 10
0

0.05
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e, c

-8 -6 -4 -2 0 2 4 6 8 10

0.10
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0

pe(e), pc1(c), pc2(c), pc3(c), pc4(c)

Samplese

Coefficientsc2, c4

Coefficientsc1, c3

Fig. 9. Illustration of five probability density functions.pe(e) is a
Laplacian probability density function of statistically independent samples.
pc1(c) = pc3(c) andpc2(c) = pc4(c) are the probability density functions
of the coefficientsc1, c2, c3, and c4 which are generated by the use of a
one-dimensional DCT of the block size four. Variance:σ2

e = 26.

The probability density functionspe(e) according to equa-
tion 20 andpci

(c), with i = 1, . . . 4, according to equation
33 lead to different differential entropiesH(e) andH(c). The
difference is∆H ≈ −0.09 bit per sample.

C. Coding efficiency of the DST of a block size two

Memoryless Laplacian distributed sources are considered as
input to the DST. For a block size of two, the DST with the
transform matrix

TDST,2 =
2√
5

[
sin π

5 sin 3π
5

sin 3π
5 − sin π

5

]

(34)

generates the two coefficientsc1 and c2, which are uncor-
related:

E [c1 · c2] =

4
5
E
ˆ`

sin π
5
· e1 + sin 3π

5
· e2

´

·
`

sin 3π
5

· e1 − sin π
5
· e2

´˜

= 0
(35)

The corresponding probability density functionspci
(c),

which are not Laplacian, are calculated by the use of equations
13 and 14 to:

pc1(c) = pc2(c) =
2
P

i=1

1

2
√

2·σe(A+(−1)i·B)

„

e
−

√
2·|c|

A·σe + (−1)i · e
−

√
2·|c|

B·σe

«

with A = 2√
5

sin π
5
, B = 2√

5
sin 3π

5

(36)

The probability density functionspe(e) according to equa-
tion 20 andpci

(c), with i = 1, . . . 2, according to equation
36 lead to different differential entropiesH(e) andH(c). The
difference is∆H ≈ −0.06 bit per sample, which is similar to
the difference of∆H ≈ −0.07 bit per sample in the case of
the DCT. As the probability density functions of the samples
and coefficients differ and as the coefficients are uncorrelated,
statistical dependencies of higher order are also generated by
the DST according to the characteristic function. These cause
the data rate increase.

D. Coding efficiency of the DCT and DST of large block sizes

According to equation 6, each coefficient, which is gener-
ated by the DCT or DST can be interpreted as a function of
the elements of the input vector. With a further increase of
the block size of the DCT or DST, the number of elements
in the input vector also increases further. According to the
central limit theorem, the probability density function of
each coefficient becomes approximately a Gaussian probability
density function in the case that the number of elements in the
input vector and thus the block size of the transform increases
to infinity [33]. In this specific case, the differential entropy of
the input signal with a Laplacian probability density function
is H(e) = 1

2 log2(2 · e2 · σ2
e) and the differential entropy of

each coefficientci is H(ci) = 1
2 log2(2 · π · e · σ2

e). Hereby, e
is the Euler’s constant.

The difference∆H∞ according to equation 16 can be
calculated to

∆H∞ = H(e) − H(ci) =
1

2
log2(2e2σ2

e) − 1

2
log2(2πeσ2

e)

1

2
log2

(π

e

)

≈ −0.104
bit

Sample
.

(37)
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Although Laplacian distributed sources are in the focus of
this paper, Gaussian distributed sources are considered for
comparison as they are often used in the literature to assess
the efficiency of transforms.

E. Coding efficiency of the DCT for Gaussian distributed
sources

For comparison, samplese with a Gaussian probability den-
sity function are considered. The Gaussian probability density
function has the specific feature that with the specification
of the correlation coefficientρe all statistical dependencies
of higher order are also specified [33]. Therefore, the two-
dimensional joint probability density function of two succes-
sive samples can be defined by the single parameterρe. It is
given by [33]

p~e,G(e1, e2) =
1

2 · π · σ2
e ·
√

1 − ρ2
e

· e
−e2

1−e2
2+2·e1·e2·ρe

2·σ2
e ·(1−ρ2

e) . (38)

Consequently, for the assessment of the efficiency of the
DCT it is sufficient to consider the dependency on the cor-
relation coefficientρe. The probability density functions of
the coefficients, which are given by the equations 13 and 14
are also Gaussian since every linear combination of Gaussion
distributed signals is also Gaussian distributed [33]. However,
each coefficient has a different variance, see equation 18.
According to [32], the differential entropy of a source of a
Gaussian probability densitiy function is

H(e) =
1

2
log2(2 · π · e · σ2

e). (39)

With equation 39, the differenceHGauss becomes:

∆HGauss

=
1

2
· log2(2 · π · e · σ2

e) − 1

2
·

2∑

i=1

1

2
· log2(2 · π · e · σ2

ci
)

=
1

6.02
· 10 · log10

σ2
e

√
2∏

i=1

σ2
ci

︸ ︷︷ ︸

GT C

=
1

6.02
· 10 · log10

1
√

1 − ρ2
e

.

(40)

In the literature, the termGTC is denoted as the transform
coding gain [32]. In Fig. 10,∆HGauss is illustrated as a
function of the correlation coefficientρe. It can be seen that
∆HGauss ≥ 0 for all possible values of the correlation
coefficientρe. Consequently, the data rate of the coefficients
is always lower than the data rate of the samples themselves.
Therefore, the DCT is always efficient for the coding of
Gaussian distributed sources.

In the specific case ofρe = 0, the difference∆HGauss = 0
and thus the data rate of the coefficients equals the data
rate of the samples. The coefficients are also uncorrelated
according to equation 19. In the specific case of a Gaussian
probability density function, the uncorrelated coefficients are
also statistically independent [33].
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i

Fig. 10. Illustration of the difference∆HGauss = H(e′) − H(c′) of the
data rates of two codings under the assuption of memoryless sources as a
function of the correlation coefficientρe. H(e′) is the minimum data rate
required to code the sourcee with a Gaussian probability density function.
H(c′) is the minimum data rate required to code the coefficients generated
by the application of a DCT of a block size two to the sourcee.

IV. I NVESTIGATION OF THE HEVC PREDICTION ERROR

CODING

The prediction error generated by the HEVC reference
model HM8 [22] in the context of Fig. 2 is split into two
sourcesS1 and S2, whereby S1 contains samples of low
and S2 samples of high statistical dependencies. According
to Fig. 7, ∆H is negative forS1 and positive forS2. In
accordance with HEVC, the prediction error is split blockwise
using blocks of4×4 samples. The assignment of an individual
block to a source is performed using a locally measured
∆Hblock, which is determined out of the data rate of its
16 samplesei, with i = 1, . . . , 16, and the data rate of its
16 coefficientsci. The 16 coefficients are generated by the
application of a one-dimensional DCT according to equation
17 to the samples of the block. As the behaviour of the DCT
and the DST is similar, these calculations use only the DCT for
simplicity reasons, although HEVC applies both depending on
whether intra or inter prediction is used. To estimate the data
rates, the distributions of the samples and of the coefficients
are approximated by step functions of the same step size.
The approximated distribution of the samples is denoted as
P∆,e(e), the approximated distributions of the coefficients are
denoted asP∆,c1(c) and P∆,c2(c). The step size is assumed
to be small such that the quantization error is uniformly
distributed and the mean squared error according to equation
8 is the same in the spatial and in the frequency domain. A
self information can be determined out of the approximated
distributions assuming a memoryless source. The difference
∆Hblock results in:

∆Hblock = −
16∑

i=1

log2 P∆,e(ei)

+
8∑

i=1

(log2 P∆,c1(c1,i) + log2 P∆,c2(c2,i))

(41)
All blocks with ∆Hblock < 0 are assigned toS1, all

remaining blocks with∆Hblock ≥ 0 to S2. The properties
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of the resulting two sources are summarized in Table I. Fig.
11 shows the corresponding joint distributionsP~e,S1

(e1, e2)
and P~e,S2

(e1, e2). For S1 holds∆HS1 < 0. The joint distri-
bution P~e,S1

resembles the joint probability density function
p~e,L2(e1, e2) of a memoryless Laplacian distributed source
of Fig. 5. For S2 holds ∆HS2 ≥ 0. The joint distribu-
tion P~e,S2

resembles the joint probability density function
p~e,L1(e1, e2, ρe = 0.61) of Fig. 6. For the case that both
sourcesS1 and S2 are coded in the frequency domain, the
differential entropy is measured toHS1+S2(c) = 3.70 bit per
sample.

TABLE I
PROPERTIES OF THE SOURCESS1 AND S2 OF THE HEVC PREDICTION

ERROR FOR THE TEST SEQUENCES USED IN THEHEVC
STANDARDIZATION [21].

SourceS1 SourceS2

HS1
(e) = 4.21 bit/sample HS2

(e) = 3.74 bit/sample

HS1
(c) = 4.30 bit/sample HS2

(c) = 3.58 bit/sample

∆HS1
= −0.09 bit/sample ∆HS2

= 0.18 bit/sample

P (S1) = 0.12 P (S2) = 0.88

ρe,S1
= 0.22 ρe,S2

= 0.61

σ2
e,S1

= 48.97 σ2
e,S2

= 23.35

e1

e2

P~e,S2

e1

e2

P~e,S1
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Fig. 11. Illustration of the measured joint distributionsP~e,S1
(e1, e2) of the

sourceS1 andP~e,S2
(e1, e2) of the sourceS2 of the prediction error signal

for the sequences used in the HEVC standardization [21].

The adaptive coding ofS1 in the spatial domain and ofS2

in the frequency domain could lead to the data rate reduction

HS1+S2(c) −

 

HDom +
X

i=1

HSi(e) · P (Si)

!

= 0.015
bit

Sample
,

(42)
which corresponds to 0.4%, if the selection of the domain

is coded under the assumption of a memoryless source:

HDom = −
2
X

i=1

P (Si) · log2 P (Si)
bit

4 × 4 Samples
. (43)

As the data rate reduction by the adaptive prediction error
coding of HEVC is particularly high for screen content, it is
considered separately in the following. Table II summarizes
the corresponding properties of the two sourcesS1 and S2.
Compared to Table I, it can be recognized that the probability
and the variance of the sourceS1, for which the DCT is

inefficient, are both larger. For the case that both sourcesS1

and S2 are coded in the frequency domain, the differential
entropy is measured toHS1+S2(c) = 2.42 bit per sample.

TABLE II
PROPERTIES OF THE SOURCESS1 AND S2 OF THE HEVC PREDICTION

ERROR FOR SCREEN CONTENT TEST SEQUENCES USED IN THEHEVC
STANDARDIZATION [21].

SourceS1 SourceS2

HS1
(e) = 3.24 bit/sample HS2

(e) = 2.59 bit/sample

HS1
(c) = 3.34 bit/sample HS2

(c) = 2.04 bit/sample

∆HS1
= −0.10 bit/sample ∆HS2

= 0.55 bit/sample

P (S1) = 0.20 P (S2) = 0.80

ρe,S1
= 0.22 ρe,S2

= 0.67

σ2
e,S1

= 69.03 σ2
e,S2

= 23.60

For these screen content sequences, the adaptive coding of
S1 in the spatial domain and ofS2 in the frequency domain
could lead to the data rate reduction of 0.09 bit per sample,
corresponding to 3.7%.

The measured data rate reduction, which HEVC achieves by
its adaptive prediction error coding, is with 7% larger thanthe
calculated one. The difference is caused by the approximations
used in the calculations.

V. CONCLUSION

This paper presents a theoretical analysis of the efficiencyof
the DCT and DST for the coding of prediction errors in hybrid
video coding. The prediction error is modelled as a Laplacian
distributed source. The transform is considered being efficient
if the data rate required to code the coefficients is lower than
the data rate required to code the input samples themselves at
the same mean squared reconstruction error. For the coding of
the input samples as well as for the coding of the coefficients,
memoryless sources and fine quantization are assumed. The
coding efficiency of the transforms depends on the statistical
moments and on the probability distribution of the input signal.
For a Gaussian distributed input signal, the DCT always leads
to a data rate reduction. However, for a Laplacian distributed
input signal, the transforms sometimes increase the data rate.
It is shown that the inrease of the data rate is caused by the
generation of higher statistical moments of the coefficients
by the DCT or DST. For a memoryless Laplacian distributed
input signal and a block size of two, the data rate increase
is calculated for a one-dimensional DCT to 0.07 and for a
DST to 0.06 bit per sample. A one-dimensional DCT of the
block size four leads to a data rate increase of 0.09 bit per
sample. For both transforms, the data rate increase converges
to 0.10 bit per sample for larger block sizes. It is shown thatthe
prediction error generated by the HEVC reference model can
be split block-wise into two sources, whereas for one source,
the transform leads to a data rate reduction, but for the second
source, it leads to a data rate inrease. For screen content, the
transform inreases the data rate by around 0.10 bit per sample
for approximately 20% of the blocks with low correlation. This
results in a 7% data rate reduction, which HEVC achieves by
skipping the transform.
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